Abstract. We give a systematic construction of Hopf algebra structures on braided cofree coalgebras. The relevant underlying structures are braided algebras and braided coalgebras. We provide some interesting examples of these algebras and coalgebras related to quantum groups. We introduce quantum multi-brace algebras which are generalizations of both braided algebras and B y -algebras, as the natural framework. This new subject enables one to quantize some important algebra structures in a uniform way. Particular interesting examples are quantum quasi-shu¿e algebras.
Introduction
In [21] , Loday and Ronco established a classification theorem for connected cofree bialgebras with analogues of the Poincaré-Birkho¤-Witt theorem and of the CartierMilnor-Moore theorem for non-cocommutative Hopf algebras. The main tool used is the notion of B y -algebra. This enables one to investigate all associative algebra structures on TðV Þ compatible with the deconcatenation coproduct. By using the universal property of TðV Þ with respect to the connected coalgebra structure, the product can be rebuilt from the data of some linear maps M pq : V np n V nq ! V for p; q f 0. Conversely, one can construct an associative algebra structure for such given maps under some associativity conditions. Furthermore, with this algebra structure and the deconcatenation coproduct, TðV Þ becomes a bialgebra.
On the other hand, after the works on quantum groups which were introduced by Drinfeld [8] and Jimbo [17] , mathematicians began to be interested in subjects related to braided categories. Besides the natural interest for mathematics (see, e.g., [18] , [28] , and the references therein), this also brings many significant applications in mathematical physics, for instance, in quantum field theory (see, e.g., [5] and the references therein). For this purpose and the importance of cofree Hopf algebras, we would like to study the braided version of cofree Hopf algebra structures on TðV Þ. In order to do this, we need to extend the notion of B y -algebra to the braided framework, where we use the braided coproduct instead of the tensor deconcatenation coproduct of TðV Þ n TðV Þ. In contrast to the classical case, the structure map coming from B y -algebras with braided coproduct is not associative in general. To overcome the problem, it requires some compatibility conditions between the maps M pq and the braiding. It leads to the definition of quantum multi-brace algebras. With the product from quantum multi-brace algebra structure, TðV Þ becomes a ''twisted'' Hopf algebra in the sense of [26] . Quantum multi-brace algebras provide a systematic construction of Hopf algebra structures on cofree braided coalgebras.
Another motivation comes from works on multiple zeta values. They led naturally to so-called quasi-shu¿e algebras. Mainly, the underlying vector space used to construct the shu¿e algebra has also an algebra structure. These algebras were first discovered by Newman and Radford in [22] , and later studied by many mathematicians in di¤erent aspects (see, e.g., [9] , [13] , [14] , [15] , [20] , and the references therein). For the reason mentioned in the preceding paragraph, there were some attempts to quantize the quasi-shu¿e algebra, for instance, [6] and [13] . We want to deform quasi-shu¿e algebras in the spirit of quantum shu¿e algebras, where the usual flip is replaced by a braiding. This way seems more natural. But we have to impose compatibility between the braiding and the algebra structure on the underlying vector space. The quantum multi-brace algebras provide a good framework. At this level, we obtain a natural framework for quantum quasi-shu¿e algebras, where the quantum multi-brace algebra structure has only the M 11 term. It is valuable to mention that Ho¤man's q-deformation of quasi-shu¿e product ( [14] ) is a special case of quantum quasi-shu¿e algebras.
Therefore, quantum multi-brace algebras allow one to quantize many important algebra structures, such as shu¿e algebras and quasi-shu¿e algebras, in a uniform way. The new object is not just the generalization of B y -algebras, but also of braided algebras. As we know, braided algebras were introduced in an explicit form by Baez in [3] , and Hashimoto and Hayashi in [12] independently, where they were called r-algebras and YangBaxter algebras, respectively. These algebras play an important role in braided categories. For instance, they were used to construct braided Hochschild homologies ( [4] ) and they are the relevant structure between the braiding and the multiplication in our construction of quantum quasi-shu¿e algebras. They also proved to be of interest in their own right (see, e.g., [1] , [2] and [27] ). But up to now, there were few examples of these. Here we use quantum multi-brace algebras to provide some. In particular, we show that the ''upper triangular part'' of quantum groups are braided algebras. This paper is organized as follows. In Section 2, we recall the definitions of braided algebras and braided coalgebras. We also study some of their properties. After recalling the construction of braided algebras from Yetter-Drinfeld modules with extra natural conditions, we show that module-algebras (resp. module-coalgebras) over a quasi-triangular Hopf algebra are braided algebras (resp. coalgebras). Section 3 contains interesting examples of braided algebras from quantum groups, which are the so-called quantum shu¿e algebras (introduced in [26] ). We prove that the cotensor algebra T Notation. In this paper, we denote by K a ground field of characteristic 0. All the objects we discuss are defined over K. The symmetric group of n letters f1; 2; . . . ; ng is written by S n .
A braiding s on a vector space V is an invertible linear map in EndðV n V Þ satisfying the braid relation on V n3 :
A braided vector space ðV ; sÞ is a vector space V equipped with a braiding s. For any n A N and 1 e i e n À 1, we denote by s i the operator id For a vector space V , we denote by n the tensor product within TðV Þ, and by n the one between TðV Þ and TðV Þ.
Braided algebras and braided coalgebras
We start by recalling the definitions of braided algebras and braided coalgebras. In the following, algebras are always assumed to be associative and unital, and coalgebras are always assumed to be coassociative and counital. [12] ). 1. Let A ¼ ðA; m; hÞ be an algebra with product m and unit h. Let s be a braiding on A. We call the triple ðA; m; sÞ a braided algebra if the following diagram is commutative: 
2. Let C ¼ ðC; 4; eÞ be a coalgebra with coproduct 4 and counit e. Let s be a braiding on C. We call the triple ðC; 4; sÞ a braided coalgebra if the following diagram is commutative:
These definitions give an appropriate way to extend the usual algebra (resp. coalgebra) structure on the tensor product of algebras (resp. coalgebras) in braided categories. 
2. For a braided coalgebra ðC; 4; sÞ, the braided vector space ðC ni ; T s w ii Þ becomes a braided coalgebra with coproduct 4 s; i ¼ T
Remark 2.3. 1. Any algebra (resp. coalgebra) is a braided algebra (resp. coalgebra) with the usual flip.
2. If ðA; m; sÞ is a braided algebra, then so is ðA; m; s À1 Þ. Similarly, if ðC; 4; sÞ is a braided coalgebra, then so is ðC; 4; s À1 Þ.
3. Let h ; i : V Â W ! K and h ; i 0 : V 0 Â W 0 ! K be two bilinear non-degenerate forms on vector spaces. For any f A HomðV ; V 0 Þ, the adjoint operator adjð f Þ A HomðW 0 ; W Þ of f is defined to be the one such that hx; adjð f ÞðyÞi ¼ h f ðxÞ; yi 0 for any x A V and y A W 0 . If ðA; m; h; sÞ is a braided algebra, then its adjoint À B; adjðmÞ; adjðhÞ; adjðsÞ Á is a braided coalgebra. A similar statement for braided coalgebras holds. This indicates some sort of duality between braided algebras and braided coalgebras.
The braided algebra and braided coalgebra structures given by Remark 2.3.1 are trivial. We give nontrivial examples by using braided vector spaces as follows.
Let ðV ; sÞ be a braided vector space. For any i; j f 1, we denote
on V ni nV nj . For convenience, we denote by b 0i and b i0 the usual flip map.
It is easy to see that b is a braiding on TðV Þ and À TðV Þ; m; b Á is a braided algebra, where m is the concatenation product. The algebra À TðV Þ; m; b Á has a sort of universal property in the category of braided algebras (see [2] , Theorem 1.17).
We define d to be the deconcatenation on TðV Þ, i.e.,
We denote by T c ðV Þ the coalgebra
This coalgebra is cofree among connected coalgebras. For more information, we refer the reader to [21] .
Now we recall the construction of braided algebras and braided coalgebras in the category of Yetter-Drinfeld modules.
Recall that a triple ðV ; Á; rÞ is a (left) Yetter-Drinfeld module over a Hopf algebra H if ðV ; ÁÞ is a left H-module, ðV ; rÞ is a left H-comodule, and for any h A H and v A V , The product and coproduct introduced in the above proposition are the generalizations of smash products and smash coproducts, respectively. This is related to some work of Lambe 
It is easy to check that H is a module-algebra and a comodule-algebra with these structures. The braiding from Yetter-Drinfeld module structure is just F 0 . So ðH; m; F 0 Þ is a braided algebra.
Dually, H has also the following Yetter-Drinfeld module structure: for any x; h A H,
It is easy to check that H is a module-coalgebra and a comodule-coalgebra with these structures. The braiding from Yetter-Drinfeld module structure is just F . So ðH; 4; F Þ is a braided coalgebra.
In the rest of this section, we focus on the category of Yetter-Drinfeld modules over a special kind of Hopf algebras-the quasi-triangular Hopf algebra (for definition, see [8] or [18] ).
Let ðH; RÞ be a quasi-triangular Hopf algebra with R-matrix
For any H-module M, we define r :
rÞ is a Yetter-Drinfeld module over H and the braiding s M is just the action of the R-matrix of H (see, e.g., [7] ).
Theorem 2.7. Under the assumptions above, if ðA; mÞ is a module-algebra over ðH; RÞ, then ðA; m; s A Þ is a braided algebra.
Proof. We only need to check that A is also a comodule-algebra. Notice that the R-matrix R satisfies ð4 n idÞðRÞ ¼ R 13 R 23 , i.e.,
For any a; b A A, we have P ðabÞ ðabÞ ðÀ1Þ n ðabÞ ð0Þ ¼ P i t i n s i Á ðabÞ Finally,
where the last equality follows from the fact ðe n idÞðRÞ ¼ 1. r Theorem 2.8. With the assumptions above, if ðC; 4Þ is a module-coalgebra over ðH; RÞ, then ðC; 4; s C Þ is a braided coalgebra.
Proof. It follows from a direct computation in the same spirit as the preceding one. r
Examples related to quantum groups
For the relation between quantum groups and braidings, one would expect that there are some examples of braided algebras coming from quantum groups. In this section, we prove that the upper triangular part of a quantum group makes sense by using the result about quantum shu¿es in [26] .
For a Yetter-Drinfeld module V which is both a module-algebra and a comodulealgebra, V ni is a braided algebra for each i by Proposition 2.2. One can have another interesting example of braided algebras as follows, which will be generalized for any braided vector space later.
We first recall some terminologies. An ði; jÞ-shu¿e is an element w A S iþj such that wð1Þ < Á Á Á < wðiÞ and wði þ 1Þ < Á Á Á < wði þ jÞ. We denote by S i; j the set of all ði; jÞ-shu¿es.
Let V be a Yetter-Drinfeld module over a Hopf algebra H with the natural braiding s. In [26] , the following associative product on TðV Þ was constructed (in fact, the construction works for any braided vector space, cf. [10] ): for any x 1 ; . . . ; x iþj A V ,
The space TðV Þ equipped with the product III s is called the quantum shu¿e algebra and denoted by T s ðV Þ. Moreover, the Yetter-Drinfeld module T s ðV Þ is a module-algebra and a comodule-algebra with the diagonal action and coaction, respectively (see [26] , Proposition 9). So T s ðV Þ is a braided algebra. In fact, the result holds for any braided vector space.
Theorem 3.1. Let ðV ; sÞ be a braided vector space. Then À T s ðV Þ; b Á is a braided algebra. The subalgebra S s ðV Þ of T s ðV Þ generated by V is also a braided algebra with the braiding b.
Proof. For any triple ði; j; kÞ of positive integers and any w A S i; j , we have that
and all the expressions are reduced. It follows that
The other conditions can be proved similarly. Hence
and all the expressions are reduced, we have that b is a braiding on S s ðV Þ. It is certainly a braided algebra since it is a subalgebra of T s ðV Þ. r Remark 3.2. By using the dual construction, we know that À TðV Þ; b Á is a braided coalgebra with the following coproduct 4: for any x 1 ; . . . ; x n A V , the component of
Example 3.3 (Quantum exterior algebras). Let V be a vector space over C with basis fe 1 ; . . . ; e N g. Take a nonzero scalar q A C. We define a braiding s on V by
In fact, this s is given by the action of the R-matrix on the fundamental representation of U q sl N . By a result of Gurevich (see [11] , Proposition 2.13), we know that
lðwÞ T w as algebras, where lðwÞ is the length of w and I is the ideal of TðV Þ generated by Kerðid V nV À sÞ. By easy computation, we get that Kerðid V nV À sÞ ¼ Span C fe i n e i ; q À1 e i n e j þ e j n e i ði < jÞg.
We denote by e i 1 5Á Á Á5e i s the image of e i 1 n Á Á Á n e i s in S s ðV Þ. So S s ðV Þ is an algebra generated by ðe i Þ with the relations e 2 i ¼ 0 and e j 5e i ¼ Àq À1 e i 5e j if i < j. This S s ðV Þ is called the quantum exterior algebra over V . It is a finite dimensional braided algebra with the braiding b.
The quantum exterior algebra has another braided algebra structure as follows. We denote the increasing set ði 1 ; . . . ; i s Þ by i and so on. For 1 e i 1 < Á Á Á < i s e N and 1 e j 1 < Á Á Á < j t e N, we denote
&
Using the above notation, it is easy to see that
We define the q-flip T ¼ L s; t T s; t : S s ðV Þ n S s ðV Þ ! S s ðV Þ n S s ðV Þ as follows: for 1 e i 1 < Á Á Á < i s e N and 1 e j 1 < Á Á Á < j t e N,
Obviously, T is a braiding and it induces a representation of the symmetric group since T 2 ¼ id. Furthermore, it is easy to show that À S s ðV Þ;5; T Á is a braided algebra and
Originally, quantum shu¿e algebras were discovered from the cotensor algebras (see [26] ). Cotensor algebras are the dual construction of tensor algebras. They are constructed over Hopf bimodules. [29] ). Let H be a Hopf algebra. A Hopf bimodule over H is a vector space M given with an H-bimodule structure, an H-bicomodule structure with left and right coactions We denote by M R the subspace of right coinvariants, i.e.,
Then M R is a left Yetter-Drinfeld module with coaction d and the left adjoint action given by: for any h A H and m A M R ,
Combining the discussions in the preceding section, it is not hard to see that the cotensor algebra is both a braided algebra and a braided coalgebra. Here, we give a more general description of this phenomenon in the framework due to Radford [25] of bialgebras with a projection onto a Hopf algebra. We first recall some results in [25] which we will use in our discussion.
Let H be a Hopf algebra with antipode S and A be a bialgebra. Suppose there are two bialgebra maps i : H ! A and p :
where ? is the convolution product on EndðAÞ, and B ¼ PðAÞ. 2. The set B is a subalgebra of A. In addition, it is both a module-algebra and a comodule-algebra. Moreover, B has a coalgebra structure such that P is a coalgebra map. With this coalgebra structure, B is both a module-coalgebra and a comodulecoalgebra.
3. The map B n H ! A given by b n h 7 ! biðhÞ is a bialgebra isomorphism, where B n H is with the smash product and smash coproduct.
So by combining Woronowicz's examples on H and Proposition 2.5 for tensor products, the bialgebra A is both a braided algebra and a braided coalgebra. If A is moreover a Hopf algebra, then it is again a braided algebra and braided coalgebra using directly Woronowicz's braidings. Obviously, these two braided algebra (resp. coalgebra) structures are di¤erent. Now we restrict our attention to cotensor algebras, which will give us braided algebras related to quantum groups. For a Hopf bimodule M over H, one can construct the cotensor algebra T c H ðMÞ over H and M. More precisely, we define
And the cotensor algebra built over H and
It is again a Hopf bimodule over H. From the universal property of cotensor algebras, one can construct a Hopf algebra structure with a complicated multiplication on T c H ðMÞ. We denote by S H ðMÞ the subalgebra of T c H ðMÞ generated by H and M. Then S H ðMÞ is a sub-Hopf algebra. More details can be found in [23] and [26] . Apparently, the cofree Hopf algebra T c ðV Þ defined in Section 2 is the cotensor algebra over the trivial Hopf algebra K and the trivial Hopf bimodule V As an application of the above theorem, we consider the following special case. Let G ¼ Z r Â Z=l 1 Â Z=l 2 Â Á Á Á Â Z=l p and H ¼ K½G be the group algebra of G. We fix generators K 1 ; . . . ; K N of G, N ¼ r þ p. Let V be a vector space over C with basis fe 1 ; . . . ; e N g. It is known that V is a Yetter-Drinfeld module over H with action and coaction given by K i Á e j ¼ q ij e j and d L ðe i Þ ¼ K i n e i with some nonzero scalar q ij A C, respectively. The braiding coming from the Yetter-Drinfeld module structure is given by sðe i n e j Þ ¼ q ij e j n e i . Now we choose special q ij to construct meaningful examples. We use the above special S s ðV Þ n H to illustrate the di¤erence between the braiding coming from Woronowicz's construction and the one from the tensor product of two Yetter-Drinfeld modules.
We use the following notation: for any g ¼ K
À
ðe i n gÞ n ðe j n hÞ Á ¼ q ij q gj ðe j n hÞ n ðe i n gÞ À q ij q gj q hi ðe j e i n hÞ n g þ q gj ðe i e j n hÞ n g:
But the braiding in the category of Yetter-Drinfeld modules is S À ðe i n gÞ n ðe j n hÞ Á ¼ q ij ðe j n hÞ n ðe i n gÞ:
Quantum multi-brace algebras
In this section, we introduce and study the main objects of this paper: quantum multibrace algebras. The fact that they lead naturally to braided algebras relies on compatibilities between the braiding and the maps M ij involved. Part of our task is to deduce from our assumptions in the definition all the identities satisfied by braiding, coproducts and maps M ij , which is done in a series of lemmas.
Let ðC; 4; eÞ be a coalgebra with a preferred group-like element 1 C A C and denote 4ðxÞ ¼ 4ðxÞ À x n 1 C À 1 C n x for any x A C. The map 4 is called the reduced coproduct. It is coassociative. The following definition and the universal property play an essential role in the theory of quantum multi-brace algebras.
Definition 4.1 ([24]
). A coalgebra ðC; 4Þ with a preferred group-like element 1 C A C is said to be connected if C ¼ S rf0 F r C, where
There is a well-known universal property for the cofree Hopf algebra T c ðV Þ in the category of connected coalgebras (see, e.g., [21] ): Proposition 4.2. Given a connected coalgebra ðC; 4; eÞ and a linear map f : C ! V such that fð1 C Þ ¼ 0, there is a unique coalgebra morphism f : C ! T c ðV Þ which extends f, i.e., P V f ¼ f, where P V : T c ðV Þ ! V is the projection onto V . Explicitly,
Indeed, the sum P nf1 f nn 4 ðnÀ1Þ in the above formula for the map f is finite since C is connected and fðF 0 CÞ ¼ 0 implies that f nn 4 ðnÀ1Þ vanishes on F nÀ1 C. There is a useful consequence of this universal property. Corollary 4.3. Let C be a connected coalgebra. If F; C : C ! T c ðV Þ are coalgebra maps such that P V F ¼ P V C and
Using Proposition 2.2 and the fact that
À T c ðV Þ; b Á is a braided coalgebra, we know that there is a coalgebra structure on T c ðV Þ ni by combining b and d:
and the counit is e ni .
Proposition 4.4. Let ðV ; sÞ be a braided vector space. Then for any n f 1, the coalgebra
Proof. Obviously, 1 nn is a group-like element of T c ðV Þ nn . For any r f 0, we have that
From now on, we use 4 b to denote 4 b; 2 when n ¼ 2. Since w
and We shall investigate conditions under which Ã is an associative product. Here we start by giving another form of Ã by using the map M and the deconcatenation d. Proof. We use induction on n.
When n ¼ 2,
For n f 3,
ðd n n id The third and last equalities follow from the fact that w nþ1 ¼ ð1 S 2 Â w n Þs 2 Á Á Á s nþ1 for n f 1, w nþ2 ¼ s 2 ð1 S 4 Â w n Þs 4 s 3 s 5 s 4 Á Á Á s nþ3 s nþ2 for n f 3 and both expressions are reduced. r Proof. We use induction on n.
When n ¼ 1, it is trivial.
For n f 2 any u; v A T c ðV Þ, and we immediately get the following formula.
Corollary 4.8. We can rewrite Ã as
But this Ã is not an associative product on T c ðV Þ in general. Now we will generalize the notion of B y -algebra by giving some compatibility conditions between M pq 's and the braiding, and prove that under these conditions the new object makes Ã to be associative automatically and T c ðV Þ becomes a braided algebra with Ã.
Definition 4.9.
A quantum multi-brace algebra ðV ; M; sÞ is a braided vector space ðV ; sÞ equipped with an operation M ¼ lM pq , where
satisfying the following conditions:
2. braid condition: for any i; j; k f 1,
( 3. associativity condition: for any triple ði; j; kÞ of positive integers,
Remark 4.10. For any vector space V , ðV ; tÞ is always a braided vector space with the usual flip t. In this case, the braid condition in the above definition holds automatically, and the quantum multi-brace algebra returns to the classical B y -algebra (cf. [21] for the definition of B y -algebras).
Example 4.11. 1. A braided vector space ðV ; sÞ is a quantum multi-brace algebra with M ij ¼ 0 except for the pairs ð1; 0Þ and ð0; 1Þ.
2. A braided algebra ðA; m; sÞ is a quantum multi-brace algebra with M 11 ¼ m and M ij ¼ 0 except for the pairs ð1; 0Þ, ð0; 1Þ and ð1; 1Þ.
In the following, we adopt the notation
Lemma 4.12. Let ðV ; M; sÞ be a quantum multi-brace algebra. Then for any k; l f 1, we have
We use induction on k.
The case k ¼ 1 is trivial. Assuming the first formula holds for values smaller than k þ 1, we have
The second equality is proved similarly. r
The following notation is adopted to simplify the identities. We denote by 4 bði 1 ; j 1 ; i 2 ; j 2 Þ the composition of 4 b : 
Lemma 4.13. For any k; l f 1, we have
Á is a braided coalgebra, we have
and on V ni n V nj n V nk n V nl ,
In order to prove our lemma, we use induction on k and the above formulas for r ¼ l and s ¼ 0.
The cases k ¼ 1 and k ¼ 2 are trivial. Assuming the first formula holds for values smaller than k þ 1, we have
The second equality can be proved similarly. r Proposition 4.14. Let ðV ; M; sÞ be a quantum multi-brace algebra. Then we have
Proof. We only need to verify that for all k; l f 1,
These equalities follow immediately from the preceding lemmas. r Theorem 4.15. Let ðV ; M; sÞ be a quantum multi-brace algebra. Then À TðV Þ; Ã; b Á is a braided algebra.
Proof. We only need to show that Ã is associative. First we show that ÃðÃ n id T c ðV Þ Þ and Ãðid T c ðV Þ n ÃÞ are coalgebra maps from
We have
The first and third equality follow from the fact that Ã : T c ðV Þ n T c ðV Þ ! T c ðV Þ is a coalgebra map. Similarly, we can prove that Ãðid T c ðV Þ n ÃÞ is also a coalgebra map.
Now we show that
we have
where the third equality follows from the associativity condition.
Finally, it is clear that both P V ÃðÃ n id T c ðV Þ Þ and P V Ãðid T c ðV Þ n ÃÞ vanish on 1 n 1 n 1. Then by Corollary 4.3, we have that ÃðÃ n id T c ðV Þ Þ ¼ Ãðid T c ðV Þ n ÃÞ. The compatibility conditions for the unit and braiding are trivial. r Remark 4.16. By using the dual construction stated in Remark 2.3.3, we can easily define coalgebra structures on the tensor space TðV Þ which provide braided coalgebras. 
where y z sði; jÞ is the restriction of y z s on V ni n V nj . It is the generalization of the quantum shu¿e algebra and the quantization of the classical quasi-shu¿e algebra. It is not hard to see that Ho¤man's q-deformation of the quasi-shu¿e product (see [14] ) is a special quantum quasi-shu¿e product.
Proposition 4.19. Let V be a Yetter-Drinfeld module over a Hopf algebra H. If V is both a module-algebra and comodule-algebra with multiplication m V , then the quantum quasi-shu¿e algebra built on V is a module-algebra with the diagonal action and a comodule-algebra with the diagonal coaction.
Proof. We use induction to prove the statement. On V n V , we havey z s ¼ m V þ III s . Since T s ðV Þ is both a module-algebra and a comodule-algebra with the diagonal action and coaction, respectively, and m V is both a module map and comodule map, we get the result. By using the above inductive formula of quantum quasi-shu¿es to reduce the degree, the rest of the proof follows from the fact that m V is both a module map and comodule map. r Remark 4.20. Under the assumptions in the above proposition, we can define a map y z s : TðV Þ n TðV Þ ! TðV Þ by using the inductive formula. It is not di‰cult to prove by induction that this y z s defines an associative product on TðV Þ. By noticing that the natural braiding of the Yetter-Drinfeld module TðV Þ is just b, TðV Þ satisfies all conditions of Proposition 2.4. Hence we can prove directly that À TðV Þ;y z s ; b Á is a braided algebra in this special case.
For more properties about the quantum quasi-shu¿e algebra, we refer the reader to [16] . Let ðV ; M; sÞ be a quantum multi-brace algebra and Ã be the product constructed by M and s as before. We denote by Q s ðV Þ the subalgebra of À TðV Þ; Ã Á generated by V . If we define Ã n :
Im Ã n . This algebra is a generalization of the quantum symmetric algebra over V . Proof. In order to prove the statement, we only need to verify that b is a braiding on Q s ðV Þ. In fact, we have that bðÃ
For any quantum multi-brace algebra ðV ; M; sÞ, if we endow TðV Þ with the usual grading, then the algebra À TðV Þ; Ã Á is not graded in general. But with this grading, we have: Proposition 4.22. The term of highest degree in the product Ã is the quantum shu¿e product.
Proof. We need to verify that for any i; j f 1,
We use induction on i þ j.
By inductive hypothesis, we have
where the second equality follows from the fact that M nk 4 ðkÀ1Þ b ðxÞ ¼ 0 for any x with degree smaller than k, and the fourth equality follows from the fact that for any w A S i; j we have either wði þ jÞ ¼ i þ j or wðiÞ ¼ i þ j. r From the classical theory (see, e.g., [21] ), we also know that À T c ðV Þ; Ã Á has an antipode S given by Sð1Þ ¼ 1 and SðxÞ ¼ P nf0 ðÀ1Þ nþ1 Ã nn d ðnÞ ðxÞ for any x A Ker e.
Constructions of quantum multi-brace algebras
Since the conditions in the definition of quantum multi-brace algebras are a little bit complicated, it seems that it is not easy to obtain the map M. We now introduce a new notion motivated by [21] and use it to provide quantum multi-brace algebras. Definition 5.1. A unital 2-braided algebra is a braided vector space ðV ; sÞ equipped with two associative algebra structures Ã and Á, which share the same unit, such that both ðV ; Ã; sÞ and ðV ; Á; sÞ are braided algebras. We denote a 2-braided algebra by ðV ; Ã; Á; sÞ.
Example 5.2. 1. Let ðA; m; aÞ be a braided algebra. Then ðA; m; m; aÞ is a trivial unital 2-braided algebra.
2. Let ðV ; sÞ be a braided vector space. Then À TðV Þ; m; III s ; b Á is a unital 2-braided algebra, where m is the concatenation product. Let ðV ; Ã; Á; sÞ be a unital 2-braided algebra. We denote by Á k the map from V nkþ1 to V given by v 1 n Á Á Á n v kþ1 7 ! v 1 Á . . . Á v kþ1 . We define M pq : V np n V nq ! V for p; q f 0 inductively as follows:
where I k ¼ ði 1 ; . . . ; i k Þ and J k ¼ ð j 1 ; . . . ; j k Þ run through all the partitions of length k of p and q, respectively.
For instance, Theorem 5.3. Let ðV ; Ã; Á; sÞ be a unital 2-braided algebra and M ¼ ðM pq Þ be the maps defined above. Then ðV ; M; sÞ is a quantum multi-brace algebra.
Proof. First we verify the braid condition. We use induction on i þ j þ k.
In the general case, we have Now we want to prove that M ¼ ðM pq Þ satisfies the associativity condition as well. We use induction on i þ j þ k. V niþk n V njþm n V nlþn ! TðV Þ n6 with the projection from TðV Þ n6 to V ni n V nj n V nk n V nl n V nm n V nn : r Let A 2-braided be the category of unital 2-braided algebras and A QM B be the category of quantum multi-brace algebras. By the above theorem, we get a functor
by ðV Þ QMB ¼ ðV ; M; sÞ, where M is the quantum multi-brace algebra constructed from ðV ; Ã; Á; sÞ, for any ðV ; Ã; Á; sÞ A A 2-braided .
By the above theorem, we immediately get the following corollary. and m the concatenation. Then the inclusion i : V ! TðV Þ is a quantum multi-brace algebra morphism, i.e., i M pq ¼ M pq ði np n i nq Þ, for any p; q f 0. Here M pq is the quantum multi-brace algebra structure on TðV Þ defined above.
